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AERONAUTIC  SYMBOLS 


1.  FUNDAMENTAL  AND  DERIVED  UNITS 


Metric 

English 

Symbol 

Unit 

Abbrevia¬ 

tion 

Unit 

Abbreviation 

Length _ 

Time _ 

Force _ 

1 

t 

F 

meter . . 

second . . . . 

weight  of  1  kilogram . 

m 

s 

kg 

foot  (or  mile)  _ _ 

second  (or  hour) _ 

weight  of  1  pound _ 

ft  (or  mi) 
sec  (or  hr) 
lb 

PnwftT 

P 

V 

horsepower  (metric) _ 

horsepower _ 

hp 

mph 

fps 

Speed _ 

(kilometers  per  hour _ _ 

(.meters  per  second . 

kph 

mps 

miles  per  hour_  _ 

feet  per  second - 

W 

g 

m 

1 

M 

s 

G 

b 

c 

A 

V 

2 
L 
D 
Do 


D, 


D, 

C 


2.  GENERAL  SYMBOLS 


Weigh  t= mg 

Standard  acceleration  of  gravity =9.80665  m/s^ 
or  32.1740  ft/sec^ 

W 

Mass—  — 

g 

Moment  of  inertia  =  (Indicate  axis  of 
radius  of  gyration  k  by  proper  subscript.) 
Coefficient  of  viscosity 


V  Kinematic  viscosity 

p  Density  (mass  per  unit  volume) 

Standard  density  of  dry  air,  0.12497  kg-m“*-s^  at  15®  C 
and  760  mm;  or  0,002378  lb-ft“^  sec^ 

Specific  weight  of  ‘"standard”  air,  1.2255  kg/m®  or 
0.07651  Ib/cu  ft 


3.  AERODYNAMIC  SYMBOLS 


Area 

Area  of  wing 
Gap 
Span 
Chord 


Aspect  ratio,  ^ 

True  air  speed 
Dynamic  pressure,  \pV' 


L 


Lift,  absolute  coefficient 


Drag,  absolute  coefficient  Cd~ 


D 

gs 


Do 


Profile  drag,  absolute  coefficient 
Induced  drag,  absolute  coefficient 
Parasite  drag,  absolute  coefficient  Cz)^=  ^ 


Cross-wind  force,  absolute  coefficient  Cc- 


'qS 


iu, 

i{ 

Q 

a 

R 


a 

€ 

CCo 

aa 

y 


Angle  of  setting  of  wings  (relative  to  thrust  line) 
Angle  of  stabilizer  setting  (relative  to  thrust 
line) 

Resultant  moment 
Resultant  angular  velocity 


Reynolds  number,  p 


VI 


where  i  is  a  linear  dimen¬ 


sion  (e.g.,  for  an  airfoil  of  1.0  ft  chord,  100 
mph,  standard  pressure  at  15®  C,  the  corre¬ 
sponding  Reynolds  number  is  935,400;  or  for 
an  airfoil  of  1.0  m  chord,  100  mps,  the  corre¬ 
sponding  Reynolds  number  is  6,865,000) 
Angle  of  attack 
Angle  of  dowuwash 
Angle  of  attack,  infinite  aspect  ratio 
Anghi  of  attack,  induced 
Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

Flight-path  angle 
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METHOD  OF  DESIGNING  CASCADE  BLADES  WITH  PRESCRIBED  VELOCITY 
DISTRIBUTIONS  IN  COMPRESSIBLE  POTENTIAL  FLOWS 

Hy  ( U.  C'ostkllo 


SUMMARY 

luf  us<  nf  (lt(  (issHtn pfl(fn  that  tiu  pn  ssur<  -ro/ u ni(  n  lntn)ii  , 
li/trar.  <i  sohifion  fa  flu  prohh  (n  of  (hsujnhuj  a  aisauh  for  a  | 
(jirt  n  funmuf  ond  irlfh  a  pn.^cnhcd  rtlavdif  d (sf rd)uf la/t  aloiuj  | 
//o  hl(id(  ill  (I  p(>f(  nfiiil  fioir  of  a  Ci>nij)r(Ksd)l('  p(  rji  cf  ff  u  id  //v/n  ■ 
obfdiiud  hji  (f  iiufhad  of  curnxjioudcua  Ixfirvni  pafenfuil  jhor.'i  \ 
<>1  com pn  s>tihl<  and  i nconi pn  ssibir  fl aids.  Ihe  dtsHjnnuj  of  an  j 
isidaftd  airfoil  irifh  a  p/rscribul  rdocif]}  disfribufion  aloiuj  flu  | 
airfoil  is  ronsidind  as  a  spicial  casr  of  flir  rasradt .  j 

[f  flu  pnsrribid  n  iorifp  disfribufion  is  nof  flu  oirf  icallp  j 
affanuibh  ,  flu  nu  fluid  jiroruh  s  a  nu  iins  of  inodi  fifuuf  thv  dts-  ; 
f riba f ion  so  as  fo  obtain  a  physical! if  siynificanf  bladi  shape. 
\u nu  riral  (.rainplis  arc  included. 

INTRODUCTION 

iuonli'r  to  control  hoiiiuiiiry-htycr  fri'owt li.  transition,  and 
separation  in  t  luMl('si<j:n  of  a  cascadi'  fora  ^iviMi  tiirnin*;,  it  is 
advanlairi'ons  to  prcscrilx'  the  vidocity  alon^  the  lihuh'  as  a 
function  of  tin*  are  hui^th  alon^  tlu‘  lilade  and  tiuui  to  eoin- 
pul(‘  th(‘  l)iad(‘  sliape.  For  an  incoinpr(‘ssil)l(‘  lliiid,  si'viu-ai 
solutions  to  this  prohhuu  have  Ixaui  obtained.  {Se(‘  rcdiu- 
(Uiet's  1  to  ih ) 

A  similar  solution  for  the  two-dinuuisional  potential  (low  of 
a  compn‘Ssil)l(‘  jitudeet  liuid  was  di'vidoped  at  lh(‘  \A('A 
Lewis  lahoi-atory  during"  1!)4S  4t).  This  solution  is  liased 
on  the  assumption  that  tlu'  pressuri'-volunu'  relation  is  ! 
Lrivi'ii  h\-  a  liiuair  a |)[)roximat  ion  to  lh(‘  ismit  i'0[)ic  curvi' 
instiaid  of  lh(‘  t  ru(‘  eurv(‘.  The  How  [latti'rn  of  the  eom- 
pressihle  fluid  is  obtained  by  a  t  I’ansformat  ion  from  a  eor- 
r(‘spondin^^  Ihiw  of  an  incompr(‘ssihl(‘  liuid  usiii^^  tiie  trans¬ 
formation  d(‘\  (‘iope<l  by  Lin  (  r(‘l(‘r(‘ne(‘ 4 ) . 

'PIk*  m(‘thod  of  solution  consists  in  iisin^  th(‘  fri'e-st naun 
velocities  u[)sii-('am  and  downstriaim  of  th(‘  cascade'  and  tlu' 
pr('scrih(‘d  d  inu'iisionh'ss  ve'loeuty  distribution  alon^  tin'  j 
bhuh'  to  s(‘i(‘ct  a  suitable'  incom[)re’ssibl(‘  [leite'iitial  flow  about  j 
the'  unit  cire'Ie'  and  the'ii  to  de'te'rmine  the'  mappiny^  fuiwtion 
that  transforms  tins  incompre'ssible'  flow  inte>  a  e’om[)re'ssible' 
fle>w  about  a  e-aseaiele*  eif  airfoils.  'Pile'  iimme'  eif  the'  unit 
cirede*  uneh'r  this  ma[)pimr  ^ive*s  the'  e'ase*ael('  with  the'  pre'-  : 
se-ribe'd  ve'leiedty  d ist ribut ie)n  aloiijr  the  blaeh',  [irovieh'el  the'  I 


ve'le>edt\  (list  ribu  t  ie>n  is  1  lu'eire't  ically  attainable'.  If  the' 
ve'loedty  e  I  ist  ribut  ion  is  unattainable',  nu'thexls  are'  five'll  for 
moelifvin^  the'  distribution  so  that  a  physie'ally  significant 
preifile'  is  obtaine'd. 

ddu*  jiroble'in  of  de'si^ninir  an  isolate'd  airfoil  with  a  pre'- 
scribe'el  ve'leicity  distribution  is  eonside'real  as  a  spe'edal  case' 
of  the'  e-ascaeli'. 

THEORY  OF  METHOD 

('ASCADE 

In  r('f(‘ren('('  4,  Lin  show’s  that  if  the*  prt'ssure-de'iisity  re'la- 
tion  is  (Symbeiis  used  in  this  re'[)ort  are  ele'fitu'd  in  the 
appe'iulix.) 

p=(\-''  (1) 

P 

then  the*  compn*ssibl(>  potemtial  flow'  about  a  cascade*  of 
blaele's  e-an  be*  obtained  by  t ransfeirmint^  the  ineompre'ssible 
flow’  about  the*  unit  e'ire'h'  in  tJu'  feiilowing  manH(*r:  Thv  e'eun- 
plex  pote'iitial  function  F(^}  feir  the*  incompressible*  fleiw  elue* 
te)  two  e-omplex  source's  at.  anel  outsiele*  the  unit 

circle  iii  — 1  is 

F(T)^-A  {'g—aO  +  A  leiir. )  +Ii  lo^^  (p  — ^Ld  + 

/)  loj^,  (  p  —  J  />  (“Ji 

wlu're*  .1  a.nel  H  are*  ceunple'x  constants  wdth  AV  .l>()  anel 
lie.  A  "~Iic  />,  and  I)  is  an  ai’bitrary  e'omph'x  e'einstant. 
d'he*  bai-  indicate*s  the^  com[)le‘X  ceinjupite*.  'Pin*  ma.pjiiny 
he'twe'e'ii  the*  .:-[)la.n(‘  anel  the'  p-plane*  eh'fine'el  by 

d  :  f/(p)(p--  r/i)  ‘{p  — u,.)  '  e/('—  I  lA''|p)rdt/)p)|  ‘(p  -^Dfp— ^L’)  e/p 

(:n 

yive's  a  e'eimpre'ssible*  flow  with  the*  linear  |)i’e'ssur(*-volum(* 
re'lation  past  a,  straight  case-ade*  of  identical  blaele's  in  the* 
.'.-plane'  willi  the*  ve'leie'ity  pote'Utial  Oc  and  stream  functie)u 
xh,  give'll  by 


<Pc~\~  I 'Pc  —  /M  P  ) 


1 


(d) 


KEPOiri’  !I7S  XA'I'IOXAl.  A!)\IS()HV  ( ’OMM  I'l'I’KK  KOli  A  KR(  )X  A  I'l’K 'S 


PTOvhUmI  ihiit  cliost'ii  to  sjilisly  tlii'  lollowiii^  r(’- 


(a)  Tlio  fiiiK'tioii  f/l.C)  is  n'^tilsir  in  clost'd  il 

(i('fiii(‘(l  \)\  K  >  1 . 

(]))  The  fiincl ion  f/tn  d  in  //.  (‘xaa'pl  possihlx'  at 
ono  j)oin(  on  th(‘  circU^  wlu'ia'  (t  (tii<‘  orcUa'  ol 

1  lu‘  Z(a‘o  not  to  i‘.\c(a‘(l  1 ). 


(c)  Alon^  till'  cicch'  f!  tj) 


(d)  Tin'  fimction  p(^')  satisfi(‘s  tlu‘  ifKapiality 
[/^’'(sdllf/inl  -'in//. 

Tlu‘  niaH;nitud('  <f  and  llio  diia'otion  cx  ot  tho  dinionsioiih'ss 
v(d()city  at  any  point  in  the  c-])lane  are  iriven  hy 


1  +  A  i 


In  order  to  use  this  l ransfornuition  in  desis>:ning  a  hlade 
with  a.  j)reseril)ed  dinnaisionless  velocity  distrihiuio]i  alon^ 
the  l)lad(‘  in  a  cascathx  the  ])rescrihed  conditions  ar(‘  used  to 
select  a  suilal)Ie  inconipressil)l(‘  How  about  t.lie  unit  circle 
and  to  determine  the  i'unction  //(s'). 

Tlie  pn's<-rihcd  conditions  are  the  velocity  distribution  on 
the  airfoil,  the  upstream  velocity  and  tlie  downstream 

velocity  Hdie  upstr(*am  and  downsti'cam  velocities  are 

related  l)y  the  isentropic-llow  equations  with  7^  —  1.  This 
relation  is 

q.y'  cos“q:j  __  //i*  cos“«, 

1+^2“  l-|-7i‘ 

wher(‘  th(‘  a.xis  of  the  cas(’ad<‘  lias  been  takcai  alon^sr  th(‘  ?/-nxis 
for  convenience  and  the  How  is  from  left  to  right.  (See  fig.  1 .) 


['ifii'KK  I.  Casc’iidi'  in  ?-pI:ini’. 

FLOW  IN  (IRCLF  PLANK 

'The  How  of  an  incompivssihh'  fluid  about  the  unit  circle  is 
s(‘U‘ct(Ml  by  (h‘l(‘rniining  the  constants  .1.  B,  </,,  and  Uo  in  the 
eomph'X  poUMitial 

/'Ys")  '=  ^1  log,  (r  — ^1  log,  — + 


n  (f--r,)-i  li  lo.ir,  ( 


fi'oin  th('  giv(‘n  eonditions.  Hdu'  constants  .1  and  B  uvv 
obtained  from  tlu‘  upstrtaim  and  downstream  velocities  and 
llu'  circulation  and  tlum  (/j  a.nd  //_.  nvc  determined  l)y  tla' 
!-a,ng(‘  of  th(‘  potimtial  on  tlu'  airfoil. 

Circulation  and  cascade  spacing. . 'Flu*  magnitude  of  tlu' 

pi‘escril)('d  dinumsionh'ss  V(docity  (/  along  the  airfoil  is  givim 
as  a  furnuion  of  the  arc  Itmgth  [//  -//(•''■ )]  where  the  total  arc 
haigth  is  takcMi  to  Ik^  27r  and  is  nnatsurc'd  from  tin*  (railing 
(Mlg('  along  tlu'  lowin'  surface.  If  Qi^)  is  dtdined  by 


s,  <x<27r. 


rli('r(‘  .s‘„  is  th(‘  hnuling-inlge  stagnation  point,  then 


(/)A-v)=  (  Qis)  <ls 

Jo 

r.= (/•>■ 


Th(‘  (drcidation  and  the  spacing  of  the  cascade  are  ridatial 


//i  sin  «!  —  <f2  ^^in  «•_> 

where  d  is  the  spacing.  The  (juantitii's  lY,  r/j,  22,  <^0  aiid 
a-y  an*  known  so  that  the  spacing  is  deti'rmined. 

Determination  of  ^1.— The  value  of  d  from  equation  (II) 
is  used  to  (‘valuati*  A  and  B  Ix'cnusi*  the  spacing  is  also 

givi'ii  l>y  till*  ahsoluti*  value*  of  (j)  dz  taken  along  a  path 

around  Ui  or  Uj.  (Sei*  Hg.  2.)  The  a.xis  of  the  cascade  has 
been  tak(*n  along  tlu*  //-axis  so  that 


^ - 


Unit  Circle 


Equation 

-  (1^) 

-  (13) 


ricniK  2.  I’lilli.s  of  iriK'enil ioti  in  s'-jit;un'. 

Tin*  s(‘cond  eipialit y  comes  from  tin*  (act  that  the  r(‘sidu<‘s 
at  infinit  V  of 


(■AS('A1)K  DKSKIX  J‘H()('Kl)l'KK  KOH  PKES(’UinKI)  JiLAJ)E  VELOCITIES  L\  COMPKESSILLK  FIA^VS 


|/'''( ^)l‘ i//{ .or  ‘ ( 

in  tli(^  exprc'ssioii  lor  d in  (‘(pint ion  (;>)  an'  /(‘ro  and 
(■()nsi‘(pi('nll  y 


On'iT  r  is  lli(‘  unit  OrcK'.  J^ul  l>y  (‘(jiialion  (5(v), 


so  t  ha  I 


rh  -d) 


F  1*0111  (‘(pialioii  (22), 


(4  —  Kd'^hii .  1 
{A--Kr)IUA 


—  lan  ai 


lmA=:-\  (V .1  tiui  a,  (24) 

4-“  Ar 

hriA  “  —  ^  It  (/i‘  Vo  0  tati  ai  (25) 

which  ^ives  tin'  ndation  IxnwiM'n  /5  .1  and  ////  -  t. 

Suhst it n( ion  oi  tin*  viiIiK*  of  ///(  -1  from  (*(pialion  (24)  in 
(‘{piation  (22)  yicdds 

C ak!  )  ^‘'■'''+(0;?'  ) 


Tlic  (‘valiiiil ion  of  (•((iiiilion  (I'ij.in  Icriiis  ol  the  |)oti'i)tiiil 

/•■(n  is 


„/  4  ^  ''‘f; 

P  "1  ( (■'—  —(ij)  AJ  "I 


4  A I  ■  . ,  . 

r  /U.I  S(‘C  Of, 

4Ai 


P(r)  -y 

.C  — C|  ,  1  1 


so  tliat  (‘(|iiatiou  (15)  l•('(l^(•(‘s  to 


.,  ,  .  in<h)  I  r^l-(a,  — (Z:.)! 

7//-  JtT/  ,  —  O  /  \ 


(/((/i)  vF'((/i  — (/j) 


\{  0~(/,,  (‘(Illation  (())  Ix'coiiH': 


r/t^o) 


(/^27r(^T  '  J!,.\  sec  a,  ) 


Suhst  it  iilion  of  th(‘  valii(‘  of  d  from  (‘(piation  (2())  in 
(‘(piation  (11)  "iv(‘s 


(/i  sin  (ifi—  <li  sill 


(IS) 


. .  ,  (27) 

‘  "  27r(4 AV')(7i  —  a->) 

and  Ii(  A  is  now  d(‘lcrmincd.  By  us(‘  of  tliis  value  of  AV  A 
in  (‘(piation  (25),  Ini  is  ohtaiiu’d.  ]I(‘ncc  is  comjilt’ltdA’' 
<j:iv('n  liy  (xj nations  (27)  and  (25). 

Determination  of  />. — From  (‘(juaiion  (12) 


wliicli  on  writiny^ 


r(‘duc(‘s  to 


I  +  A  I  +(K 


(/((/,)  .1 


p/i  — Uo)  K] 


Snlxt ilut ion  of  th(‘  valms  from  (‘(piation  (20)  in  (Xpia- 
uon  (IS)  <riv(‘s 


J/  A  .  .  lA,  \  . 

nl  2r/  [[j^  +  )' 


llt'iin'.  lli(‘  l)rack(‘l('d  ('\])i‘(‘ssi()n  in  (‘(pnition  (21)  must  he 
a  i-(‘al  lumdx'r  and 

4*l-:Tyvr 


y  '( 'c  —  n-,y  Ar^-\- 


cj  ^  [  /'  ’ '  ( f )  1  ‘iv  ( .r )  r  ‘  ^  L 1  <  r — ^  4  ( /  (,' 


(/O/.l  1  —  (/;)  2X/ 

*  2x/  ■  '  V  +  ,  ■  — 

u/j  — (/p  4 


.  Ih  '‘*2  2  7r/  y,  .. 

'Itti 

A  4 


4A-  7\  S/> 


ImA  ) 


■  1  -i-  -v  1  -  Hi 


VIA 


4 


RKPOirr  97.S  XA'riONAL  AJ)\  jS()HY  (’OMMTr'l’EK  FOR  Af^UOX  AI^'l’ICS 


l)iark(M (‘(I  (\\[)i-(‘ssi(Hi  must  ])(‘  rral.  so  liuit 


(4-  I\r)  hi  I  h 
(4  •  K-n  hi  /r 


Ih  n  -!l(A 

and  (‘(jualion  (2S)  can  l)c  NNrilKm 


T  /I  d  /v  ,  4 

Jin  tan  a> 

4— Ar 


^  1  -r  (jA  li(  .1  tan  Oj 


( \)ns(‘(jU(‘iUly.  7)  is  del (M’niincd  by  (‘quations  (2!))  and  (iU)} 
l>ccaus(‘  Ii(  .1  is  kn<)^\■n  IVoin  c(juation  (27). 

Determination  of  <}\  and  dj.  After  .1  and  />  ai’(‘  kn()\vn, 
tin*  points  u,  and  a-  ar(‘  to  l)(‘  s(‘l(‘ct(Hl  to  satisfy  llic  sin^l(‘ 
condition  that  the  ran.irc^  of  potential  on  t]n‘  eireh*  must  e(pia] 
tin*  ranjri'  of  potimtial  on  tl)e  airfoil,  tliat  is, 

(P,(27ri-0,(.S,)“'  (2  1) 

\vhei'('  0,  and  0„  are  the  I  railin^-ed^n*  and  leadin^-edLU'  stag¬ 
nation  anjrh's.  respectively.  44iis  (condition  is  only  one 
(‘(juation  in  two  ind<nowns.  r/,  and  a 2:  eons(*(pj(‘nl ly .  the  vaiiK's 
of  a,  and  a-j  ^tre  not  uiucpndy  (h'tennined.  liy  iniposinjr  an 
additional  rest I'iet ion  tliat  u,  and  (ij  are  real  and 


uni(jue  valiK's  ar(‘  obtained  for  rq  and  (ij  in  all  eas(‘s.  In  ])ar- 
tieular  problems.  how(‘^■(‘I^  soim*  oth(‘r  n'strietion  may  be 
nioi‘(‘  ns{‘ful,  sueii  as  assijrnin^  a  d(‘finit(‘  valtn*  for  <ii  and 
eompiit  injr  «L). 

With  the  iH'strietion  ^iv<‘n  in  ecpiation  (22),  it  is  possibh* 
to  (‘.\pr(‘ss  Of  and  in  t(‘rms  of  and  std)st it ut (‘  th(\s('  vtilm^s 
in  (‘{juation  (21  ),  but  th(‘  restdtin^  (‘(pnition  cannot  be  solved 
explicit  ly  for  u,. 

One  method  for  obtaininir  u,  is  as  follows:  LiU 


(t>iO)-  —2li(A  ianlr  *  +  '  lanb 

dm  A-Im  li)  i.nr  ‘  +2Ii.  A  ••'"'1''  ' 

1an(^  iSin(^/ 

dm  A~\dm  />*)t.ui  ’^  -dmA-lm  />■)  Ian  • 


wiier('  ])  luis  IxHMi  chosen  to  mak(‘  0,(0;)- O  and  tin'  an^dc 
(*onv(‘nt  ion  is 

TT  ,  sin  0  TT 

-2-^  '“"  'sinl. 

and  tan  '  ^  is  taken  in  th(‘  same'  (piadrant  and  same 

tanh  /r 

dir(‘ction  as  0. 

Tin'  V('locity  on  tin'  ('irt'h'  riO)  is 

2li(  A  sin  0  (*osh  k  ,  {hn  -4 -•  7/e  7>t  tanh  k  s(*c‘  0^ 

^  cosh'  k  —  (‘os‘  0  tanlr  k-  tair  0 

,  ,  ,  ,,  sinh  k  cos  0 

( hit  A  —  I  fit  Ji)  .  .  .  , 

sinlr  /r-T-siir  0 


.  ,  A -  [277rA  sin  0  cosh  k 

cosh  27'-eos  20  ^ 


I  {ht(  A—Jm  /7)cos  Osinh  /•-:  ihn  A-Jrn  7))sinh  k  cosh  /’] 

I  (2(1) 

Ivjua  t  Ion  (iid)  can  Ix'  furt  Ix'i  si m pi i fil'd  by  dt'finin^'  X  as 
(/m  A  — Ini  7))  sinh  k 


,(,,1-  /'fsin  0  cos  X 

cosli  2/  -CUS  L 


dm  .1--  Im  H]  sinli  cosli  / 
COS  Osin  X I  7  4  7f)' 

\  47»r‘M  coslr  7’ -r (//e  A— Ini  hy 

Alii  A  (*osh  k  s('('  X  r  .  , n  '  \  A-\  I nt  7)) 


[Ii<  A  (*osh  k  s('('  X  r  .  /n  ■  I  A-\  I  in  H)  sinh  k 
cosh  2/r  — cos  2  0  2ln  A  sec  X  J 


>)  sinh  k  cosh  k  A 

hit  A— Ini  7))“  sinlrVr J 

{Ini  A-y  Ini  H)  sinh  kA 
2li(  A  si'c  X  J 
(2S) 


wlx're'  /•>()  Tin'll  ('({nation  (2)  bi'conx's 

hi  A  -  A  lojz.  iK—iA~  A  lo^‘A  (■  —  (  A  A  7>  lo^-,  ( —  ( A  ~ 

77  !()<:,  (C--  (  A^-h 


44x'  sta^rnation  a]i}j;l('s  (A  and  0,,  ari*  tln'rt'iort'  tin'  roots  of  tlx* 
('(piation 

-a7//^  .  1  '  7m  7>)  sinh  k 

sin  {0-;  X)  .,,>1  X 

2  In  A  s('c  X 


or.  for  point s  on 

1  Ix'  unit 

circh'  'c 

Tlx 

'  d(‘sii‘('d  vahx'  of  k  is  obiaiix'd  as  hdious 

o.fO)" 

7i 

,  ,  , 

K  A  ioA  ,  - • 

A 

k  ■  ' 

(1  ) 

Assimx'  a  vabx'  of  k. 

(c  -  (^  )  (  r  -r  ( 

) 

(2) 

(2) 

( 'ompiiti'  X  l)y  ('({iiat ion  (27 ) . 

Obtain  0,  and  0,,  from  ('(piation  (2P:. 

;7m  A 

i  I  in  77  lo^', 

(4) 

('omputi'  0,{(d-i  27r)  — p,(0„}. 

Ib'iicc'.  ptO)  may  Ix'  ^\•rlll^'n  in  tlx'  form 


\  2Tr)  —  <pi{0„)  as  a  fmx'tion  (d‘ /■. 


CASCADK  DKSKJX  IM{n( 'KDriU-:  FOR  lMn-:S(  ’  K1  liEI )  liLADlO  \  L( )(' I'l'I  FIS  I  .\  < ’( )M  Pii  FSS I  HI.L:  I-'L()WS 


Mi)  lnl(‘rj)<)lji(('  to  ohtniii /’ sucli  dial 

o,[0t  ■  2  tt)  —  ~  (pri'2  it)  —  c>M  )  I 

With  /•  (h'tcrin.iiK'd.  tlu‘  How  ahoiit  lli(‘  oifch*  is  known.  : 
Thv  potinitial  Oiiih  and  tlu'  \'('lo(Mty  rifh  for  points  on  tli(‘  i 
cii-cli'  ar('  ^dv(‘n  hy  (apiations  (R"))  and  (RS),  n'sia'ct  i V(‘ly.  ■ 

FIIN('T1()N  {JiO  \ 

'Dk'  function  pti")  can  he  coin[)iit(Mi  for  [loints  on  tiic  unit 
circh'  hy  iisinir  di(‘  po'scrihial  \(‘iocity  (ui  the  airfoil  and  (he 
velocity  on  tlu'  unit  cireh'  to  (h'ti'rinim'  tin*  r(‘al  [)ar(  of  p(("). 
ddu'  iniaLrinary  part  of  f/fi")  can  then  he  con)[)ut(‘d  hy  Poisson's 
inteirral.  Ih'causi'  of  tlu'  ri'st  riet  ions  imfiosi'd  hy  (h(‘  ydviui 
conditions,  howeviu',  r/(f)  is  actually  ohtaiiual  in  a  sliyditly 
dillVnuit  inanru'r,  as  shown  in  tlx*  follo\^•iny'•  si'cdons. 

Airfoil  with  pointed  trailing  edge. . If  an  airfoil  with  a 

{)oint(‘d  trailiiiir  (‘dg(‘  is  di‘sir(xl.  tlnai  //(C)  must  vanish  at  the 
trailinir-edire  stay^nation  point  Ihauau  can  h(‘ 

written  in  ih<‘  foiin 


duu'e  /d')  is  r(‘iz:ular  in  the  (Wtiu’iorof  tin*  unit  eii-el(‘  and 


wlu‘r('  0  is  th(‘  inelinhal  t railing-i‘dy(‘  angh'  of  tlu*  airfoil. 
n‘f(‘r(‘nc(‘  4. ) 

Values  of  f/(±c^).  -B(‘eaus(*  the  vidoeitii's  are  giv(*n  for  tlie 
compri'ssihh'  How  u[)str(‘ani  and  downstriaun  of  lh(‘ easeacle, 
t!u‘  valu(‘  of  ffii)  at  s'  — ±c*  is  chdorniined  from  (‘({nation  (()), 


-'IAHA 


In  ord(‘r  that  <}{A  hav(‘  th{‘se  value's,  /(s')  is  wi'itt(‘n  in  tlu' 
form 


/W)  -f'W)  + 


and  //(s'i  is  rc'yular  m  tlu‘  e\t(‘rior  of  th(‘  unit  circh'  with 

lim  (4r)) 

44u‘  restriction  on  II('C)  im[)os(‘d  hy  (‘((ualion  (45)  is  maa's- 
sary  so  tiiat  /’(s')  ((‘(ptatiou  (4H))  will  lx*  n*yular.  l^y  us(‘  of 
('({nation  (4;;).  (/(s')  is  (‘xpressed  as 


and  (/(s')  will  lx*  knowti  wlum  //(s')  is  detc'rmiiual.  h'or  tlu' 
actual  com{)uta(ion  of  tlu'  hlade'  shafxv  only  the*  value's  of 
_(/(s')  on  the'  unit  circle'  are'  ne'e'de'd.  Ile'iiee'.  it  is  only  ne'ce's- 
saiy  to  ('oinpute'  //((')  h>t'  points  on  the'  circle'.  If  eh'sired. 
the'  value's  of  //fs")  for  any  point  in  the'  e'.xterior  of  the'  cii'cle' 
can  he'  ohtaine'd  from  the'  value's  on  the'  circle'  hy  I^^isson’s 
inte',<>:ral. 

Determination  of  Ri  II  on  circle.  By  (‘({nation  (4).  (he 
pote'iitials  4>A‘'<)  und  (/),(^)  are'  e'epial  at  e(>rr('s[)on(liny  pe)ints. 
"riius,  hy  m.ale'hiny  tlu'se'  pote'iitials  a  e-orre'sponde'iie'e'  is 
('stahlishe'd  Ix'twe'e'ii  points  alony  the'  airfoil  arc  and  (lie' 
cire'Ie'  angle's;  (hat  is,  s  —  siO).  By  use'  of  tliis  e'orre'sfionde'nce'. 
the'  magnitude'  of  the'  pre'se-rihe'd  ve'loeity  along  the'  airfoil 
is  ohtaine'd  as  a  fune'tion  of  the'  circle'  angle'  (/  —  (/(//).  Ile'iice'. 
hy  taking  ahsolute'  value's  of  (‘(jiiation  ((>), 

_ 'IqiS)  '^){c'"-c'')(c^^4-c*)! 

1 -r  \ I -rf/((9)- 

for  points  on  the'  ciri'le'.  Suhstitution  of  the'  value'  of  //(s') 
from  (‘(juation  (4())  with  and  r(‘f)lacing  F'ir'A  hy  the 

velocity  r{0)  (eejinUion  (58))  on  the'  circle  give' 

. 

1  -f  N  1  4-(/(^)- 

1 

A\('{d)\{2  cosh  2k  —  2  cos  2Q)'^ 

ft 

^  n\]  •*  (AV  UA:— Ijnjs  // (r"^)| 


12-2  cos 

or,  w'idi  (lie  i'(|iiatioii  solved  for  /I’c  //(^c'"). 


[  I  ^  ].  _  n,  ( ^ 


/iV  IK  A 


K(d)\2-2  cos  (Of -0)1^  ) 

2  cosh  2k  — 2  cos  20 


KiO) 


Restrictions  on  IK  IKe^^^).  -Kepiatioti  (45)  impose's  restric¬ 
tions  on  the'  value's  of  IK  //(c'^),  as  sliown  hy  writing  Ili'A 
in  (he  form 

/Ai-)  =  /o,+4^  +  4^,+  •  •  •  (-.0) 

whe're  A,,,  Ai.  It>,  .  •  •  JM’e  com[)le‘X  constants. 

For  points  on  the'  circle,  ('({tuition  (50)  heconu's 

I!U'^)  -^Re  II(K>^)  +  1  Im  IlirA 

=  Re  /y,  cos  ]0  1  tn  A  ,  sin  jO)^- 

y=i  '  ^ 

/  [///)  h  j  jO—  Re  A;  sin  jd]\  (51) 


KKl’OH'r  !>7S  XA’l'IOXAL  ADXISom  ( ’( ).M  M  irii:  K  Fnl{  A  F  KON  A  F  Tl  ( 'S 


() 

i')l)  is  a  F()uri(M*  (v\ pansioii  and 


Re  ha 

-  '  ( ■"  //(b-i  do 

'llT  Ja 

(52) 

/i<  h  1 

(  R(  //{r'")  cos  ty  do 

TT  do 

(5  5) 

/  /ft  h  1 

AV  //(c"'i  sin  OdO 

TT  Jo 

( 5  4 ) 

l^ut  equation  (45)  r(‘(iuii’(‘s  that 

R<  ha 

-  /  nt  It  a  —  Re  It  1  -  /  nt  h  j  -  0 

(55) 

( V)ns(‘(|U(‘ntly,  AV  //(V '0  must  satisfy  the  e({uations 

j 

(  /.'(  //((•"')  dO  =  0 

'  0 

(59) 

j 

1  /.’(  I !{<  •")  cos  0  </(?:==() 

X) 

(57) 

,) 

[  AV  //(/  '")  sin  6  (lO  —  i) 

'o 

(5  8) 

Adjustment  of  Re  -If  tlu‘  valiu*s  of  Re  II{e'^)  from 

(‘(jUHlioii  (4S)  do  not  satisfy  (‘(illations  (50),  (57),  and  (5<S), 
i1h3  valiH's  must  hr  adjust(‘d  until  llu‘  conditions  aia* 
sntisli(‘d.  Oiu'  nx'tliod  for  adjustiiiF^  the  function  is  to 
dcfin(‘  Re  /7(c‘^  by 

Re  n{e^^)  =  Rt  //(t'')-AV  h.  ~Re  //,  cos  0- I ni  It  ,  sin  0  (59) 

when*  lie  ha.  Re  h,,  and  Int  h,  ar{‘  ^^ivem  i)y  (‘q nations  (52). 
(55),  and  (54).  ri'spi'ct ivcly.  Tlu*  modifi(‘d  function  AV  Hit 
will  then  satisfy  ('(}uat ions  (50),  (57).  and  (O.S).  This  nu'tliod 
of  jnodifN'inir  Re  //(V"’).  howi'vi'r.  chaiiFU's  th(‘  Nudocity  distri¬ 
bution  all  alomr  (Ik*  protih'  and,  if  tiu'  co!*r(‘clion  t('rms  in 
(Hiuat ion  (59)  ar(‘  not  small,  t h(‘S(‘ changes  in  (he  vidocity  may 
b(‘  ext(msiv('  Ix'causi* 

.7^7 . 

l  +  A  l  -T-7^ 


I  -1- 


-7 
%  1 


e 


■:  Hr  h, 


r  Hr  h  ]  I'os  O  r  i 'll  (2i:i)sii  2fc  —  2  cos 


r 


wh(‘!'(‘  V  (huioles  ihi‘  new  \(*locity.  In  sonu'  cases,  cons(‘- 
(juimtlv.  R(  I/ii  ■'")  can  b{*st  Ix'  adjusted  (o  satisfy  tiu'  rc(|uir(‘- 
iiKUits  by  addiiiF^  to  Ri  odd  and  (‘V(‘n  functions  that 

luiv(‘  nonz(*ro  valtu's  only  in  small  n(‘l”:hborhoods  of  the  points 
0~0  and  0——7r,  TIh*  particular  functions  to  b(‘  addial  to 
Re  llie"^)  and  tludr  raiiirt'  of  valui‘s  d('pend  on  th(‘  specific 
[)robl(‘m;  no  iriuuu'al  nitO tuxl  can  lx*  »riv(‘n  foi- d(‘t(‘rmiiun^f  the 
functions. 


Determination  of  hit  //(('").  After  /A  Ihi  '  satislyinir 
(‘(juations  (50),  (57).  and  (5.S)  is  obtaiiuxl.  llx'  function 
Int  is  ^'ivi'n  by  Poisson's  inteu’ral  (ridVrenci*  5) 

!  Imllir'')  Hr  HU’’), CiO) 

w'heri'  lh(‘  constant  t(‘rm  in  Poisson  s  inli'^^ral  has  ixxm  tak(‘n 
as  /(‘I’o  so  I  ha  t 

i  Im  I,.,  ^  (  ''///(  //(<■") 

I  -'TT.jo 

as  r('(|mred  I)y  (xpiation  (55).  II(‘nci‘,  I!((‘'^)  is  d(‘t(‘rmin(‘d 
for  points  on  th(‘  unit  circh*  by 

ll{e’^>)  -/A  //(e'")  ‘  i  Intl[(e^^>) 

Adjustment  of  //(c'^O-  tisc  of  these  vahu's  of  IKe'^')  in 

{‘(piation  (10).  f/id')  i^  d(‘t(‘rmin(‘d  for  points  on  (In*  cindix 

-  jl  _ ir;('’''iArJ  cosh  2/;“2  COS  2M)  //u:** ’!  {(>1) 

Ih‘caus(‘  of  lh<‘  adjust nxuits  in  //(r  ").  if{e"^)  may  no  lon.Ln’r 
I  satisfy  (xmdition  (5d).  \{  <}{(  "^)  doi's  not  satisfy  (lu‘  imxiual- 

ity  for  points  on  lh(‘  circl(‘.  llnui  lh(‘  valui's  ot  7((')  can  Ix' 
adjust(xl  to  satisfy  th(‘  in(X|uality  by  chnntrinjr  tlu'  si'cond  or 
hi^h(‘r  harmonic  t(‘rms  in  [I{'0  or  by  otluu-  metiiods.  If  the 
I  [)rescril)(‘d  conditions  are  th(‘Oi*(‘( ically  attaitiabhx  howeviu-, 

i  lh(‘n  no  modification  is  lu'ci'ssary,  not  ('Vim  in  Re  Il{e'^}. 

[ 

I  IlLADIC  (‘OORDINATKS 


liy  us(‘ of  1  1m‘  valiK's  of //(c'")  that  satisfy  all  conditions,  tlu* 
blade  e(x)i‘dina,tes  ar(‘  obtained  from,  inti'^^ration  of  (‘(pia- 
tion  (5),  that  is, 


==  (.'/(.nu' 


— (-‘j  ■'($'  r  (“r'd'u 


-l( 

V  r{0)e  '  “7 


//tf) 


wliicli.  on  rcplnciiisr  by  '  '  -  >  and  writinsr 

;/n  ‘"I 

rcdnri’s  lo 

COMPUTATIONAL  PKOCUDURK  FOR  ('AS(  ADE 


(92) 


An  outlin(‘  of  tlu‘  f)i’oc(‘dun'  for  computing  tlu'  blade  sliap(‘ 
is  as  follows: 

(1)  Obtain  4>M)  and  [\  from  (‘(juations  (9)  and  (10), 
r(‘spi‘ct  ively. 

(2)  ('omputi'  lu  .1,  Int  .1,  and  I m  />  by  (xpiations  (27). 
(25),  and  (MO),  r(‘spect  ively. 

Oi  Obtain  /'  as  outlined  in  th(‘  text.  (\)mput(‘  (pi{6)  and 
/'(())  by  (‘qua t ions  (55)  and  (75.S),  resp(‘ct i v(‘Iy. 

(4)  Plot  0,(s*)  and  <pi{0).  By  com[)arin^  the  abscissas  for 
(‘(lual  valu(‘s  of  th(‘S(‘  pot(‘ntials,  obtain  .v  as  a  function  of  0. 
w  Inch  permits  writing  tlu'  pn^scribi'd  V(‘locity  q  as  a  function 
of  d.  ([  —  (/iO). 
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(5)  Coinputo  Ilf  by  oquatioii  (48)  and  dotormino 

Re  An,  AV  Ai,  and  Im  A,  by  oqiiations  (52),  (58),  and  (54), 
iTap(Mqivoly.  If  those  values  are  not  zero,  then  adjust 
Re  Il{e^^)  either  by  equation  (59)  or  by  addition  of  functions 
so  that  Re  II{e^^)  satisfies  equations  (56),  (57),  and  (58). 

(6)  Obtain  Im  //(c*®)  by  equation  (60),  usinp;  the  adjusted 
VI) Ill ('s  of  Re  Ilie^^), 

(7)  Obtain  (j{e^^)  by  equation  (61).  The  function 

must  satisfy  inequality  (5d)  for  points  on  the  circle.  If 
(}{e^^)  does  not  satisfy  the  inequality,  adjust  as  sug¬ 

gested. 

(8)  After  has  Ix'cn  adjusted  to  satisfy  all  conditions, 
the  blade  shape  is  obtained  by  integrating  equation  (62). 

ISOLATED  AIRFOIL 


In  order  to  use  the  preceding  transformation,  the  proscribed 
velocity  distribution  along  the  airfoil  ([  —  ([{s)  and  the  froc- 
stream  velocity  are  used  to  select  the  flow  about  the 

unit  cir(4e  and  to  determine  the  function  ^/(f).  For  the  actual 
(‘omputation  of  the  airfoil,  only  the  v^alues  of  the  functions 
for  points  on  the  unit  circle  are  needed. 

FLOW  IN  CIRCLE  PLANE 

For  points  on  the  circle  the  complex  potential 

(equation  (68))  reduces  to 

</)i(0)=  —  2y(cos  0— cos  (68) 

when  I)  is  so  chosen  that  0<  =  {)  at  the  t railing-edge  stagnation 
point  (fig.  8).  Tlie  velocity  is 


The  problem  of  designing  an  isolated  airfoil  with  a  pre¬ 
scribed  velocity  distribution  along  the  airfoil  in  a  com¬ 
pressible  potential  flow  with  a  given  free-stream  velocity  can 
be  considered  as  a  degenerate  case  of  the  foregoing  cascade 
problem  in  which  the  upstream^  and  downstream  velocities 
are  equal  and  the  spacing  of  the  cascade  becomes  infinite. 
In  this  case,  the  singular  points  and  f=a2  move  to 

infinity  and  the  complex  potential  F{^)  for  the  incompressible 
flow  about  the  unit  circle  (equation  (2))  becomes 

^’(f)  =  -^(f+y)+^logf  +  'C'  (63) 

where  T"  is  the  incompressible  free-stream  velocity  and  is  in 
the  direction  of  the  negative  f-axis.  The  mapping  function 
(equation  (3))  becomes  (reference  6) 

(64) 


where  f/(f)  satisfies  the  following  requirements: 

(a)  The  function  g{^)  is  regular  in  the  closed  region"] 

R  defined  by  |f  |  >  I . 

(b)  The  function  .9(f)  in  R,  c.xcept  possibly  at 

one  point  on  the  circle  where  F'(f)  =  0  (the  order  of 
the  zero  not  to  exceed  1).  y  (05) 

(c)  Along  the  circle  irl  =  l,  ^  dz=0. 

(d)  The  function  (/(f)  satisfies  the  inequality 

|[F'(f)l  inR 

The  velocity  potential  and  the  stream  function  yj/c  in 
the  2-plane  are  given  by 

(66) 


The  magnitude  ([  and  the  direction  a  of  the  dimensionless 
velocity  in  the  2-plane  are  given  by 


v{d)  =  -ie-‘>(^V  sill  «+f^)  (69) 

Both  4>i{d)  and  v{B)  are  completely  determined  when  r<,  F, 
and  Ot  arc  known.  These  quantities  are  obtained  from  the 


prescribed  velocity  distribution  by  determining  <Ac(^?n)  and  Fc 
from  equations  (9)  and  (10),  respectively.  By  equation  (66), 
the  potentials  arc  equal  at  corresponding  points  so  that 


Tlien  St  is  given  by  (reference  2) 


cot«,  +  ^<=-|- 


min 


T  Tr<f>c{Sn) 

2  r. 


(70) 


(71) 


and  V  is  given  by 


_ 2^  F'i!:) 

l  +  Vl+2^  5(0 


(67) 


V= 


r, 

4  TT  sin  Of 


4  TT  sin  Bt 


(72) 


8 


REPORT  97S — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


The  flow  about  tho  oirclo  is  obtained  by  usin^  these  values  of 
Vu  r,  and  df  in  equations  (68)  and  (69). 

FUNCTION  f/(f) 

As  in  tlie  caseach'  ease,  if  an  airfoil  with  a  pointed  tail  is 
(lesinal,  <i{^)  must  vanish  at  the  trailin^-edgc  sla^niation 
point  "b  Henee,  f/(s')  eaii  be  written  in  the  form 

l-y)  (";«) 

\vluT(>  /(i)  is  n'giilar  in  the  exterior  of  the  unit  eirele  and 

/t=l--  (41) 


Bv  using  tho  prescribed  velocity  distribution  on  the  airfoil 
and  tho  eirele  velocity,  the  real  part  of /(f)  can  be  computed 
for  points  on  the  circle  and  the  imiaginary  part  of /(f)  can 
then  be  obtained  by  Poisson’s  integral.  Hence  (7(f)  would 
be  determined.  Because  of  the  restrictions  on  /(f),  this 
com.putational  procedure  is  m.odified  as  shown  in  the  next 
sections. 

Restrictions  on /(f). — Because  the  free-stream  velocity  is 
given  for  the  compressible  flow,  the  value  of  (j(^)  at  infinity 
is  determined  by  equation  (67) 


where 


By  writing 


lim  .(7(f)  = 


ygi(ai+.) 

K, 


2gi 

l  +  Vl+fZ!" 


/(f)  =  ('o+y+-p+  •  • 


(74) 


where  K.  bi.  b,,  .  .  .  arc  complex  constants,  then 
lim  i7(f)  =  ^^^o 

and 

He  (6„)  =  l()g,^ 

Ifn  (60)  =an  +  7r 


Hence,  the  desired  free-stream  vclo(dty  will  be  obtained  if 
bo  satisfies  equation  (75). 

Further  restrictions  are  imposed  on  /(f)  by  the  requirement 


^  (/(f)  r/f-^^  [C'(f)l%(f)]-Vf  =  0  (76) 

When  the  residues  of  these  functions  at  infinity  are  con¬ 
sidered,  this  requirement  can  be  expressed  in  a  more  useful 
form.  The  function  g{^)  may  be  written  as 


.'7(f)  =  '='''>  [ 


1  + 


bi  —  neJ' 


r 


-terms  in  —j 


and  then 


(/(f)  (/'f  =  27ric‘<'(*i  — 


(77) 


From  the  incompressible  (low  about  the  circle, 


and 


[/'’'(f)in(/(f)l-'=e-'’«(c^- 


4V^i  sin  — 


terms 


j>2) 


therefore 


=  sin  0^— ny^e‘®*  +  6TV^ 

(78) 

Then,  by  use  of  equations  (77)  and  (78),  equation  (76) 
becomes 


2Tie^^^  —  2Trie~^oV^  (4i  sin  + 6i)  =  0 


or 


27ri6“'^o  [e2i?«6o  (bi—ne^^O — sin  0t  —  ne^^^‘  +  bi)]  =  O 

(79) 

Equating  the  real  parts  of  equation  (7  9)  gives 

— ^eos  0,)=O 

But  62/e«6o — ^cannot  be  zero  except  for  zero  free-stream 
velocity,  hence 


He  hi  =  n  cos  Bt 
The  imaginary  parts  of  equation  (79)  give 


(80) 


^;2/?«io(/m  6i  — nsin  Bt)+-^{Im.  hx  —  n  sin  Bt)  +  V'^  sin  =  0 

V'^  sin  di 


or 


Im  bx~n  sin  Br 


^2  Re  ^0  "P 


But  from  equation  (75) 


^2  Re  Uq  —  _ 


hence 


Im  6i=sin  Bt  2^  (^^) 
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Consequently,  equation  (76)  will  be  satisfied  if  Re  ij  and  Im 
satisfy  equations  (80)  and  (81),  respectively. 

For  convenience  in  computation,  these  restrictions  on  the 
values  6o  and  b\  are  transformed  into  restrictions  on  the 
values  of  ReJ{e^^).  For  points  on  the  circle, 

=  /^e6o+S(/^«  bt  <‘os  je+Im  6, sin  je)  + 

'  >-=1 

i^m  6o+  S  cos  je—lle  b ,  sin  j0)J  (82) 

Equation  (82)  is  a  Fourier  expansion  and 

ltej(e‘>)de  (83) 

ZTTjOt 

Reb,=-  \  Ref{e^^)cos  Ode  (84) 

Im  b]—-  i  Ref{e^^)  sin  BdB  (85) 


Substitution  of  these  values  of  Re  bo,  Re  6i,  and  hn  bi  in  equa¬ 
tions  (75),  (80),  and  (81),  respectively,  gives 

^  ReJ{e^^)dB=\og,^  (86) 

JiTT  ^  6t  /L] 

1  r^i  +2t 

—  I  Ref{e*^)  cos  BdB=n  cos  Bi  (87) 

Rej{e^^)  sin  ^r/0=sin  Bt 

Hence,  Rej{e*^)  must  satisfy  equations  (86)  to  (88). 

Determination  of  Re  f{e^^). — By  matching  the  potentials 
and  <t>i{B),  a  correspondence  is  established  between 
points  on  the  airfoil  and  the  circle  angles.  The  prescribed 
velocity  distribution  along  the  airfoil  can  therefore  be  written 
as  a  function  of  the  circle  angle  q=q(B).  Wlien  absolute 
values  of  equation  (67)  are  taken. 


2q{B)  jr{e^y, 

1  + Vl+2'(^) 


(89) 


for  points  on  the  circle.  By  replacing  F'(e*®)  by  the  velocity 
v{B)  (equation  (69))  and  substituting  ^^(f)  from  equation  (73) 
with  equation  (89)  becomes 


___^g(g) _ _ 

~\  +  ^,\^q\B) 


2V  sin  B- 


Vi 


12-2  cos  (0,-0)] 
or,  with  the  equation  solved  for  Re  f(e'^), 


Ref{c'^)  =  \oge 


2V  sin  0-h^ 


?  — 2  cos  (0,  — 0)] -71^(0) 


(90) 


wliere 


K(B)=^ 


2q{B) 

1  +  V'1  +  (ZW 


The  values  of  Re  f(e^^),  as  given  by  equation  (90),  must 
satisfy  equations  (86)  to  (88).  If  these  equations  are  not 
satisfied,  the  values  of  Rej{e^^)  must  be  adjusted  until  the 
equations  are  satisfied.  One  method  for  adjusting  the 
function  is  to  define 


ReJie'^)  =  ReJ{f<‘)-(Re  bo-log,^^-(Rc  (>,-;icos  6,)  cos  6- 
/>|— sin  ®'("~4^)^'‘2)J®'”  ® 

where  Re  bo.  Re  bi,  and  /m  5,  are  given  by  equations  (83), 
(84),  and  (85),  respectively.  The  function  ReJ(f^^)  will 
satisfy  equations  (86)  to  (88).  If  the  corrections  are  large, 
this  method  may  result  in  large  changes  in  the  velocity. 
In  general,  the  method  used  for  adjusting  Re  f{c'^)  will 
depend  on  the  specific  problem. 

Determination  of  — When  Re  fir^^)  satisfying  equa¬ 

tions  (86)  to  (88)  is  obtained,  hn  /(c'®)  is  computed  by 
Poisson's  integral 

l7nf(e^^)—-^  [  Re  f{e^^)coi^^^-^^dT  +  {ax  +  Tr)  (92) 

^Tje,  *  ^ 

where  the  constant  term  in  the  integral  has  been  taken 
equal  to  ai  +  7r,  so  that 

7m5o— TT"  I  Jmfie^^)d6—ai  +  Tr 

^Tj0t 

as  required  by  equation  (75).  Hence /(c^®)  is  now  known 
for  points  on  the  circle: 

j{e^^)=Re/(e^^)  +  i  Jmf  (e^^) 

Determination  of  g(e^^). — By  use  of  these*  values  of  /(f*®) 
in  equation  (73),  (7(f)  is  determined  for  points  on  the  circle; 

=  (93) 

B(‘cause  of  the  changes  made  in  Re  f(c^^)  to  satisfy  equations 
(86)  to  (88),  gie^^)  may  no  longer  satisfy  condition  (65d). 
If  g{e.^^)  does  not  satisfy  the  inequality,  (/(f)  can  be  adjusted 
l)y  changing  the  second  or  higher  harmonic  terms  in  /(c*^), 
or  by  SOUK*  similar  method. 


AIKFOII.  COORDINATKS 

The  function  (/(f)  has  l)e(*n  obtaiiu'd  to  satisfy  all  irquire- 
nnuits;  hence,  the  airfoil  coordinates  in  tin*  r-])lan{‘  an*  givcMi 
by  equation  (64)  on  integrating  around  the  unit  circle.  For 
(‘onv(‘nienc(\  h't  g(e^^)  l>e  written  as 


lU 
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COMPUTATIONAL  PROCEDURE  FOR  ISOLATED  AIRFOIL 

An  outline  of  the  procedure  for  computing  the  airfoil 
follows : 

1.  Obtain  Tf,  and  <l>eisn)  from  equations  (9)  and  (10). 

By  use  of  these  values  in  equations  (71)  and  (72),  obtain 
Of  and  T"  respectively.  Then  calculate  4>i{d)  and  v{d)  from 
equations  (68)  and  (69),  respectively. 

2.  Plot  <}>eis)  and  0^(0).  By  comparing  equal  values  of 
these  ])otentials,  obtain  .v  as  a  function  of  6,  which  permits 
writing  the  prescribed  velocity  7  as  a  function  of  6,  q  =  g(0), 

3.  Compute  by  equation  (90) ;  this  function  must 

satisfy  equations  (86)  to  (88).  If  these  equations  ai’e  not 
satisfied,  Rej(e^^)  is  adjusted  to  satisfy  them  as  suggested  by 
e(|uation  (91)  or  by  similar  methods. 

4.  Obtain  Im  from  equation  (92)  and  compute 

g{€^^)  by  equation  (93).  These  values  of  g{e^^)  should  be 
checked  in  inequality  (65d).  If  g{e^^)  does  not  satisfy  the 
inequality,  it  is  further  modified  as  previously  suggested. 

5.  By  use  in  equations  (94)  and  (95)  of  the  values  of 
g{e^^)  that  satisfy  all  requirements,  the  airfoil  coordinates  are 
obtained  by  integration. 


ILLUSTRATIVE  EXAMPLES 


Isolated  airfoil.^ — For  this  example,  the  prescribed  velocity 
q=q{H)  was  obtained  from  the  incompressible  velocity  dis¬ 
tribution  about  a  symmetrical  Joukowski  profile,  as  com¬ 
puted  by  Lipman  Bers  at  Syracuse  University  in  the  form 
of  the  ratio  of  actual  velocity  to  free-stream  velocity,  by 
taking  the  dimensionless  free-stream  velocity  to  be  0.538. 
The  resulting  distribution  is  shown  in  figure  4  with  the  final 
velocity  after  adjusting  Ee  The  computed  profile 

(fig.  5)  is  slightly  thicker  than  the  Joukowski  profile  toward 
the  nose  and  has  some  reflex  camber.  The  peaks  in  the 
velocity  distribution  about  the  computed  profile  are  lower 
than  those  that  would  occur  in  a  compressible  flow  about  the 


0  n 

Arc  lengthy  a 


Joukowski  profile  with  the  same  free-stream  velocity  and 
angle  of  attack  because:  (1)  the  circulation  was  kept  the 
same  as  for  the  incompressible  flow,  which  resulted  in  the 
reflex  camber;  and  (2)  the  thickening  of  the  profile  reduced 
the  curvatures  in  the  vicinity  of  the  velocity  peaks. 


o  Jo  uko  wsk  i  Pro  file 
-  Computed  Profile 

FiotniK  /i.-~t'om|>arisoiJ  of  compututl  profUe  and  Joukow.ski  profile. 


Cascade. — For  this  example,  it  was  decided  to  design  a 
cascade  of  blades  having  cusped  tails  and  a  velocity  distri¬ 
bution  along  the  blade  like  the  distribution  in  tlu'  foregoing 
isolated-airfoil  example.  The  free-stream  conditions  ^i,  ai, 
and  ao  were  arbitrarily  taken  as 

(/i  =  0.o76 

ai  =  10° 

which  gives 

52=0.564 

Adjustments  to  Eellie^^)  to  satisfy  equations  (86)  to  (88) 
modified  the  prescribed  velocity  somewhat  and  the  final 
velocity  is  shown  in  figure  6.  Figure  7  is  the  comjiutcd 
cascade. 


Arc  length^  s 

Kk-tke  (i.-  Vdocity  distribution  on  cascade  blade. 


FinuRE  4.'  (’ornpanson  of  prescribed  velocity  and  final  velocity  distributions  for  airfoil 


FioriiE  7.  Two  blades  of  computed  ctiscaile. 
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CONCLUDING  REMARKS 

The  niagnitiule  o!  the  dimensionless  velocity  along  the 
l)Ia(le  cannot  be  entirely  prescribed  arbitrarily  as  a  function 
of  the  arc  length,  but  is  subject  to  some  restrictions  in  addi¬ 
tion  to  th(‘  conditions  imposed  on  the  n^gular  functions  //(f) 
and /(f).  The  magnitude  must  be  finite  everywliere  along 
the  ])rofile  and,  l)y  the  method  given,  the  velocity  can  l)e 
zero  in,  at  most,  two  places — the  hauling-edge  and  tJu' 
trading-edge  stagnation  points.  By  a  limiting  process, 
how(‘ver,  tlu^  metliod  can  be  extended  to  provide  for  addi¬ 
tional  stagnation  points.  The  order  of  the  zero  of  the  dimen¬ 
sionless  velocity  at  tlie  trailing  edge  is  determined  by  tJie 
included  trading-edge  angle  of  the  [)Iade.  Thus,  for  a  cusp 
at  the  tail,  the  angle  is  z(‘ro  and  the  dimensionless  vcdocity 
need  not  be  zero  at  the  trading  edge. 


If  a  velocity  distribution  is  select(‘d  to  satisfy  tliese  con¬ 
ditions,  l)ut  otherwise  is  arbitrary,  the  resulting  profile  may 
not  be  a  physically  real  blade  but  may  i*esult  in  a  blade  with 
zero  or  negative  thickness  in  some  |)ortions  of  the  blade. 
The  Z(‘ro  or  negative  thickness  is  caused  by  specifying  too-low 
velocities  along  parts  of  the  i)lad(‘;  a  i)hysi(‘ally  real  blade 
can  be  o[)tained  by  increasing  the  prescribed  velocity  along 
the  blade. 


National  Advisory  Committee  for  Aeronautics, 
Lewis  Flight  Propulsion  Laboratory, 
Cleveland,  Ohio,  October  i,  1949.  . 


APPENDIX 


SYMBOLS 


The  following  symbols  are  used  in  this  report: 


•  ♦  • 

C(f) 

d 

Fit) 

fit) 

Oit) 

//(f) 

Re  /7(f) 


complex  constants 

location  of  complex  sources  in  f-plane 
function  of  f  defined  by  equation  (44) 
spacing  of  cascade 

complex  potential  function  (incompressible 
flow) 

regular  function  of  f 
regular  function  of  f 
regular  function  of  f 
function  of  f  defined  by  equation  (59) 


Im 

m 

Ki 

Ki 

k 

n 


P 


R 

Re 


V 

rie) 


imaginary  part 

function  of  6  defined  by  equation  (49) 
constant  equal  to - , 

l  +  ^'l  +  qf 

2(12 

constant  equal  to  ,  , 

l  +  \l  +  q2^ 

constant  defined  by  equations  (33) 
number  determined  by  included  trailing-edge 
angle  of  blade 
pressure 

auxiliary  function  of  .v 

magnitude  of  dimensionless  velocity  in 
(‘ompressible-flow  plane  (ratio  of  actual 
velocity  to  stagnation  velocity  of  sound) 
dimensionless  velocity  upstream  of  cascade 
dimensionless  velocity  dowmstream  of  cascade 
region  in  f-plane  defined  by  |f|>  1 
real  part 

mimb(‘r  defined  by  equation  (23) 
arc  length  along  blade 
frec-stream  velocity  (incompressible  flow) 
velocity  on  unit  circle  (incompressible  How) 
complex  variable  (compressible-flow  plane) 


a 

r 

7 

6 

d 

X 

p 

T 

4' 


angle  of  velocity  in  compressible  flow  (mea¬ 
sured  from  positive  x-axis) 
circulation 

ratio  of  specific  heats 
included  trailing-edge  angle  of  blade 
complex  variable  (incompressible-flow  plane) 
circle  angle  (incompressible-flow  plane) 
auxiliary  variable  defined  by  equation  (37) 
density 

variable  of  integration 
velocity  potential 
stream  function 


Subscripts: 

c 

i 

n 

t 


compressible  flow 
incompressible  flow 
leading  edge 
trailing  edge 


Prime  indicates  a  derivative. 
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Absolute  coefficients  of  moment 
(roUmg)  (pitching) 


Diameter 
Geometric  pitch 
Pitch  ratio 
Inflow  velocity 
Slipstream  velocity 


c-l- 

(yawing) 


Angle  of  set  of  control  surface  (relative  to  neutral 
position),  (Indicate  surface  by  proper  subscript.) 


4.  PROPELLER  SYMBOLS 

N 

P  Pow 


Thrust,  absolute  coefficient 
Torque,  absolute  coefficient 


Power,  absolute  coefficient 

VdF* 

Tr? 

Efficiency 

Revolutions  per  second,  rps 
Effective  helix  angle = tan" 


5.  NUMERICAL  RELATIONS 


1  hp=76.04  kg-m/8=550  ftJb/sec 
1  metric  hor8epower=0.9863  hp 
1  mph=0.4470  mps 
X  mps=2.2369  mph 


1  lb==0.4536  kg 
lkg=2.2046  lb 
1  mi=  1,609.35  m=5,280  ft 
1  m=3.2808  ft 


